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ABSTRACT
We construct novel 7d supersymmetric gauge theories which include a Chern-Simons-like term
on curved spaces. In order to so, we examine the supersymmetry constraints for E7-branes in
type IIA∗ theory, rather than making use of an off-shell supergravity. We find two classes of
solutions to the constraints, expressed in terms of a G2-structure with non-vanishing intrinsic
torsion. The supersymmetric gauge theories are then obtained by coupling flat gauge theory to
such supersymmetric backgrounds. Various examples are given, including round and squashed
S7 as well as S3 ×M4 with M4 hyperka¨hler.
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1 Introduction
Supersymmetric field theories on Riemannian manifolds have been a topic of interest for the
past decade due to the advent of localization techniques which allow for exact computations
of, for example, partition functions, indices and Wilson loops, making it possible to perform
checks of various highly non-trivial dualities [1]. The primary candidate for the Riemannian
manifold underlying such a field theory is the round sphere, due to several simplifying properties:
it is compact, maximally symmetric, and allows for spinors satisfying simple Killing spinor
equations. As a result, a wide array of field theories on spheres has been investigated in-
depth in various dimensions preserving various amounts of supersymmetry, see for example
[2, 3, 4, 5, 6, 7, 8].
More generally, field theories can preserve supersymmetry on a Riemannian manifold when
the metric can be obtained as part of a supersymmetric background: a set of profiles for all
fields of an appropriately chosen off-shell supergravity, such that these satisfy the supersymme-
try equations of the supergravity [9]. A field theory on flat space can then be coupled to such a
supersymmetric background, in such a way that the new theory is preserved under global trans-
formations of a deformed supersymmetry algebra. The precise coupling terms can be obtained
by coupling the background via a corresponding supercurrent. In this manner, classification
of admissible metrics corresponds to classification of solutions of (generalized) Killing spinor
equations. For example, field theories on a wide variety of manifolds have been constructed in
this way for 4d with minimal supersymmetry [10, 11, 12, 13, 14, 15].
Unfortunately, there are various (d,N ) where our knowledge of off-shell supergravities and
supercurrents falls short. An alternative approach to the classification of supersymmetric back-
grounds that can be coupled to field theories has been developped in [16, 17, 18]. Rather than
using an off-shell supergravity, it has been shown that for various cases, the Killing spinor equa-
tions that determine supersymmetric backgrounds can be reproduced by combining the type
II Killing spinor equations with the kappa-symmetry constraint imposed by a supersymmetric
D-brane. This procedure leads to expressions for the off-shell supergravity fields in terms of
fluxes, the dilaton and the spin connection. To some extent, this result is to be expected; on
the one hand because lower-dimensional supergravities are generally obtainable as consistent
truncations from type II supergravity, on the other because supersymmetric field theories on
curved spaces can arise as worldvolume theories of branes wrapping manifolds with non-trivial
curvature.
In this paper, we further test this string theoretic approach by examining gauge theories
on curved spaces in d = 7. There are a number of reasons for this choice of dimension. First,
in 7d, to our knowledge, a formulation for the relevant off-shell supergravity is lacking and
no supercurrents are known. Secondly, since no 7d SCFT’s exist, a brane system is a natural
candidate for a UV completion to such supersymmetric gauge theories. Thirdly, 7d is the
highest dimension for which spherical supersymmetric gauge theories with constant couplings
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are known [2, 19, 8]. In addition to S7, known admissible manifolds are proper G2-manifolds,
Sasaki-Einstein spaces and tri-Sasakians [20]. A common feature is that all of these admit
spinors satisfying a (non-generalized) Killing spinor equation, similar to the sphere. However,
there is no reason to expect that supersymmetric field theories do not exist on more general
spaces. In general, a globally well-defined nowhere-vanishing spinor in 7d defines a G2-structure
on the manifold. The intrinsic torsion of G2-structures has four components, determined by
various irreducible representations of G2. From this point of view, all known examples are weak
G2-holonomy manifolds, i.e., admitting only scalar torsion.
We will construct gauge theories on G2-structure manifolds with more general torsion al-
lowed. The theories in question are composed of a kinetic term as well as a 7d analogue of
a Chern-Simons term, and preserve two supercharges. These theories are obtained as follows.
First, we construct Killing spinor equations dictated by a supersymmetric 7-brane in a super-
symmetric string background. Specifically, since the brane ought to be Euclidean, the 7-brane
in question is an E7-brane in type IIA∗ theory [22, 23, 24]. Next, we construct classes of so-
lutions to these equations, leading to profiles for the background fields. Then we couple such
background fields to the field theory and modify the supersymmetry algebra accordingly. The
constructed gauge theory has an off-shell supercharge, making localization calculations feasible.
This paper is organized as follows. In section 2, we construct the Killing spinor equations. In
section 3, we solve them. In section 4, we give a number of explicit examples of such solutions,
including U(1)-squashed S7 and S3 ×M4, with M4 hyperka¨hler. In section 5, we switch gears
and describe the construction of the gauge theory. In principle, section 5 is independent from
the former sections and the reader only interested in gauge theory could skip the former sections.
We end with some conclusions and future directions. Appendix A contains our conventions and
a number of useful identities, while explicit computations of the closure of the supersymmetry
algebra and invariance of the action for the gauge theory can be found in appendix B.
2 Killing spinor equations for E7-branes in type IIA∗
In this section, we rewrite the supersymmetry constraints satisfied by Euclidean 7-branes. Our
motivation comes from the procedure of [9], where it is shown how to construct supersymmetric
field theories on curved spaces by coupling a flat space supersymmetric field theory to a super-
symmetric background of an off-shell supergravity. In particular, a ‘background’ in this sense is
a solution to the supersymmetry constraints of the supergravity; the supergravity equations of
motions need not be satisfied.1 In [16, 17, 18] it was shown how to reproduce 4d supergravity
background constraints directly from supersymmetric branes instead. We will follow a similar
procedure here for 7-branes to split the total supersymmetry constraints into two sets: the ‘ex-
1Consider for example N = 1 field theory on S4; the supergravity equations of motion are explicitly violated,
as the auxiliary scalar fields play the role of the radius of the sphere and are thus non-zero [11].
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ternal’ and ‘internal’ supersymmetry constraints. All components of the fluxes appear in either
one or the other set, apart from the metric which determines the spin connection components
in both sets. The external constraints are interpreted as the requirement that the worldvolume
supersymmetry of the brane is preserved. The internal constraints are such that the brane
does not break the supersymmetry of the string background. From the field theory point of
view, a solution to the external constraints is sufficient to determine a curved background to
which one can couple the field theory. Indeed, the external supersymmetry constraints should
correspond to the supersymmetry requirements of some a priori undetermined off-shell super-
gravity. As we will show, we find that the external supersymmetry constraints contain the field
content of a non-minimal 7d N = 1 supergravity coupled to a so-called ‘SU(2)-vector multi-
plet’ [21].2 As far as we are aware, no off-shell formulation of such a Lorentzian supergravity
is known, let alone a Euclidean variant.3 Hence it is currently not possible to compare the
external constraints to the supersymmetry constraints of such a theory. Nevertheless, as we
will demonstrate, backgrounds determined by the external supersymmetry constraints indeed
lead to novel 7d field theories on curved spaces.
The curved Euclidean 7-branes that we wish to describe are solutions to type IIA∗ theory
[22, 23, 24]; Euclidean Dp-branes will be referred to as E(p + 1)-branes. Type IIA∗ theory
corresponds to the timelike T-dual of type IIB, and although it has a Lorentzian metric, its
RR-fluxes are imaginary and hence the kinetic terms in the action come with the ‘wrong’ sign.
An alternative way to derive the IIA∗ theory is to start with a complexified ten-dimensional
action invariant under complexified supersymmetry and to deduce that, in addition to the usual
reality constraints leading to type IIA, there is another set of reality constraints that one might
impose instead [25]; in particular, the unusual signs are
F ∗ = −F , εc = Γ(10)ε . (2.1)
for the RR-fluxes F and the Killing spinors ε = (ε1, ε2). Our starting point will be to deduce
the supersymmetry conditions of E7-branes wrapping curved spaces, which are obtained by
imposing both the IIA∗ (closed string) supersymmetry as well as the worldvolume (open string)
supersymmetry constraints.
The closed string supersymmetry constraints are given by
DMε ≡
(
∇M + 1
4
/HMP
)
ε− 1
8
eφ (F0ΓM + /F2PΓM + /F4ΓM) ε = 0
Dε ≡
(
/∂φ+
1
2
/HP
)
ε− 1
8
eφ (10F0 − 6 /F2P + 2 /F4) ε = 0 .
(2.2)
These follow from the vanishing of the IIA∗ gravitino and dilatino variations.
2We adhere to the convention that N = 1 corresponds to half-maximal supersymmetry (16 supercharges)
and N = 2 corresponds to maximal supersymmetry (32 supercharges).
3 For results on N = 1 7d supergravity coupled to standard vector multiplets, see [26, 27, 28, 29].
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The open string supersymmetry constraint is given by
Γε = ε , (2.3)
which is the necessary requirement for a brane to not break supersymmetry of a IIA∗ back-
ground. The Euclidean kappa-symmetry operator for E7-branes is given by
Γ =
1
7!
iǫµνρσκλτΓµνρσκλτ = iP1 , (2.4)
with the second equality following from the Spin(1, 9) → Spin(7) × Spin(1, 2) decomposition
of the gamma-matrices given in appendix (A.1), where one can also find our definitions for P,
P1. Here, we have explicitly set the worldvolume flux F = 0 to substantially simplify matters.
After decomposition of the Killing spinors and taking into account the reality constraints, the
open supersymmetry constraint is solved by
ε1 = e
−
1
2
X(x,y)χj(x)⊗ ζj(y)⊗
(
1
0
)
ε2 = e
−
1
2
X(x,y)χj(x)⊗ ζj(y)⊗
(
0
−i
)
.
(2.5)
Here, χj are Majorana spinors of Spin(7) and ζj are Majorana spinors of Spin(1, 2), and the
index j runs over the number of independent internal spinors ζj (i.e., at most 2). We will
assume a local decomposition of the ten-dimensional spacetime M10 = M7 ×M3 and use local
coordinates xµ on the space M7 wrapped by the E7-brane, and y
a on M3.
The supersymmetry constraints (2.2), (2.3) can be rewritten in a pair of sets with a more
suggestive interpretation. The first set of constraints is given by
1
2
{Dµ,Γ}ε = 0 , 1
2
{D,Γ}ε = 0 , 1
2
[Da,Γ]ε = 0 . (2.6)
These equations are interpreted as determining the supersymmetry of the brane. They are
given by
(
∇(7)µ +
1
4
ωµabγˇ
ab +
1
4
iHµνaγˇ
aγν − 1
8
eφF0γµ
−1
8
ieφFνaγˇ
aγνγµ − 1
8
eφ
(
1
4!
Fνρσλγ
νρσλγµ +
1
4
Fνρabγˇ
abγνργµ
))
ε = 0 (2.7a)
(
∂µφγ
µ +
1
2
i
(
1
2
Hµνaγˇ
aγµν −H089
)
− 5
4
eφF0
+
3
4
ieφFµaγˇ
aγµ − 1
4
eφ
(
1
4!
Fµνρσγ
µνρσ +
1
4
Fµνabγˇ
abγµν
))
ε = 0 (2.7b)
(1
2
ωabµγˇ
bγµ +
1
8
i
(
Habcγˇ
bc +Hµνaγ
µν
)− 1
8
eφF0γˇa
−1
8
ieφFµbγˇ
bγˇaγ
µ − 1
8
eφ
(
1
4!
Fµνρσ γˇaγ
µνρσ +
1
4
Fµνbcγˇ
bcγˇaγ
µν
))
ε = 0 . (2.7c)
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The second set of equations is given by
1
2
[Dµ,Γ]ε = 0 ,
1
2
[D,Γ]ε = 0 ,
1
2
{Da,Γ}ε = 0 , (2.8)
and is interpreted as the supersymmetry of the string background in which the background is
embedded. These are given by
(
− 1
2
ωµνaγ
ν γˇa +
1
8
i
(
Hµνργ
νρ +Hµabγˇ
ab
)− 1
16
ieφ
(
Fabγˇ
ab + Fνργ
νρ
)
γµ
+
1
8
eφ
(
F089νγ
ν +
1
3!
Fνρσaγˇ
aγνρσ
)
γµ
)
ε = 0 (2.9a)
(
∂aφγˇ
a − 1
4
i
(
1
3
Hµνργ
µνρ +Hµabγˇ
abγµ
)
+
3
8
ieφ
(
Fµνγ
µν + Fabγˇ
ab
)
+
1
4
eφ
(
F089µγ
µ +
1
3!
Fµνρaγˇ
aγµνρ
))
ε = 0 (2.9b)
(
∇(3)a +
1
4
ωaµνγ
µν − 1
4
iHµabγˇ
bγµ +
1
16
ieφ
(
Fµνγ
µν + Fbcγˇ
bc
)
γˇa
−1
8
eφ
(
F089µγ
µ +
1
3!
Fµνρbγˇ
bγµνρ
)
γˇa
)
ε = 0 . (2.9c)
We will refer to (2.7) as the external supersymmetry constraints and (2.9) as the internal
constraints, since from the point of view of the gauge theory on the brane, (2.9) dictates the
(non-compact) space which determines the R-symmetry.4
Let us examine the various terms in (2.7) in terms of representations of the supersymmetry
algebra. The Lorentzian supersymmetry algebra in d = 7 comes in two types: maximal super-
symmetry with 32 supercharges or half-maximal supersymmetry with 16 supercharges. Less
supercharges is not possible since Spin(1, 6) does not admit 8 component Majorana spinors.
The representations can be decomposed in terms of the product of the isotropy subgroup
of the Lorentz group for lightlike vectors, SO(5) ⊂ SO(1, 6), and the R-symmetry group
SO(3) ≃ SU(2).5 In the Euclidean case, the R-symmetry group becomes SO(1, 2) ≃ SU(1, 1).
On the other hand, the Lorentz group is now SO(7) which does not admit lightlike representa-
tions. We will forego this subtlety and identify representations as if they were representations
of SO(5)× SU(2).
The (bosonic) fields in (2.7) can be identified the following representations of SO(5)×SU(2):
4 Technically, we expect only the contraction of γˇa of the last external supersymmetry constraint to play a
role in determining the supersymmetry constraints of the brane itself. Since we intend to solve all equations,
the precise identification of external versus internal will play no role in what follows.
5We will ignore subtleties about double covers.
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Fields SO(5)× SU(2) Representation
gµν (14, 1)
Fµνρσ ∼ ∂[µCνρσ] (10, 1)
Fµνab ∼ ∂µǫabcC cν (5, 3)
H aµν ∼ ∂µB aν (5, 3)
ωabµ ∼ gab∂µA (1, 5)
F aµ ∼ ∂µCa (1, 3)
Habc ∼ hǫabc (1, 1)
φ (1, 1)
F0 should be considered as a cosmological constant with no degrees of freedom, while ωµab
is locally pure gauge, and hence neither are included. The Lorentzian d = 7 supersymmetry
algebra with 16 supercharges admits the following three types of multiplets [21]:
• 40+40 gravity multiplet: {(14, 1), (10, 1), (1, 1), (5, 3) | (16, 2), (4, 2)}
• 24+24 SU(2)-vector multiplet: {(1, 5), (1, 1), (1, 3), (5, 3) | (4, 4), (4, 2)}
• 8+8 vector multiplet: {(5, 1), (1, 3) | (4, 2)}
All bosonic components of a gravitational multiplet and an SU(2)-vector multiplet are ac-
counted for.6 We thus conclude that the external supersymmetry equations (2.7) correspond
to the supersymmetry variations of the fermionic fields of a Euclidean 7d, N = 1 off-shell
supergravity coupled to a single SU(2)-vector multiplet.
3 Backgrounds on G2-structure manifolds
In this section, we will construct classes of solutions to the external and internal supersymmetry
constraints (2.7), (2.9), with fluxes that satisfy the Bianchi identities. Strictly speaking, from
the point of view of coupling the field theory to a background, neither the internal constraints
nor the IIA∗ equations of motion need be satisfied. Nevertheless, we will solve the internal
constraints as well, as a stepping stone to finding E7-branes solutions in IIA∗ theory satisfying
the IIA∗ equations of motions; as we will show, such solutions would require a non-trivial E7-
brane worldvolume flux which is associated to non-linear supersymmetry [17] and is beyond
the scope of this paper.
6There is some ambiguity in identifying which (5,3) field belongs to which multiplet and similarly for the
two (1,1) fields, but this is irrelevant for our purpose.
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Our primary tool in solving the supersymmetry constraints will be a G2-structure, see for
example [30],[31] for reviews and appendix A.2 for our conventions. On manifolds in d = 7, a
unit-norm nowhere-vanishing (Majorana) spinor χ of Spin(7) is equivalent to a G2-structure,
defined by an associative three-form ϕ and its dual ψ = ⋆7ϕ. Given a G2-structure, we may
decompose all fields in terms of irreducible representations of G2, and the connection acting
on the Killing spinor can be expressed algebraicly in terms of torsion classes via (A.13), thus
allowing us to solve all equations algebraicly. In this way, we obtain two classes of backgrounds:
one on manifolds equipped with a co-closed G2-structure, the other on conformallyG2-holonomy
manifolds. Since there is no additional topological constraint to the existence of co-closed G2-
structures [32], we conclude that any spin 7-manifold admits solutions to the supersymmetry
constraints.
The amount of supersymmetry preserved by such solutions is determined by the number
of inequivalent Killing spinors leading to equivalent solutions. Due to the Killing spinor de-
composition (2.5), the number of ten-dimensional supercharges is the product of the number
of external Killing spinors χj (8 or less) and internal Killing spinors ζj (2 or less). As we will
see, for non-flat spaces our solutions have F4 proportional to the G2-structure itself; since no
two linearly independent spinors lead to the same G2-structure, our solutions will preserve two
supercharges. This is less than the ‘minimum’ number of supercharges constituting the flat
supersymmetry algebra (i.e., 8 supercharges for Spin(7)). This is not uncommon in Euclidean
field theories, but does limit computational control.7 We will come back to this point later on.
3.1 External supersymmetry
Our primary concern will be the external supersymmetry constraints (2.7), as these dictate the
geometry of the brane. We decompose all fields in terms of G2-structure representation, which
immediately leads to the following observation. The torsion classes are uncharged under the
R-symmetry (i.e., they have no internal space indices a, b, .. taking value in 0, 8, 9). However,
there are no uncharged fluxes taking value in the 14 representation, hence the internal Lorentz
symmetry remaining unbroken immediately imposes τ2 = 0.
We will focus on the case where the R-symmetry is not broken for simplicity and hence we
will set the profiles of fields in the 3 of SO(1, 2) to zero by hand,
Hµνa = ωµab = Fµa = Fµνab = 0 . (3.1)
Note that due to the decomposition into the irreducible representations, non-trivial profiles for
these fields would have no effect on the results obtained for 1 and 27 representations which
7As an example, consider that the d = 4, N = 1 supersymmetry algebra has four supercharges, whereas field
theories can be put on K3 preserving only two supercharges.
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will play a crucial role in our field theory discussion in section 5. We will set the metric to
ds10 = e
2A(x,y)ds27(x) + e
2B(x,y)ds23(y) . (3.2)
Next, we decompose the remaining fluxes in terms of G2-representations via
Fµνρσ = i
(
4ϕ[µνρfσ] + fψµνρσ + f
λ
[µ ψνρσ]λ
)
, Habc = hǫabc (3.3)
and use the identities (A.9) to rewrite all terms in (2.7) in terms of the spinorial basis (χ, γµχ),
and finally use the crucial (A.13) to express the connection acting on ε in terms of torsion
classes. As a result, (2.7) decomposes into a set of algebraic equations that can be solved
representation by representation. We thus obtain the following solution to the external super-
symmetry constraints:
F0 = 0
eA+φf =
2
7
eAh = 4τ0
eA+φfµ = ∂µφ = ∂µA = τ1µ
eA+φfµν = τµν .
(3.4)
The Kiling spinor ε is given by
ε = e−
1
2
X(x,y)χ(x)⊗ ζ(y)⊗
(
1
−i
)
(3.5)
with X constrained to satisfy ∂µX = ∂µA and χ the Majorana spinor of unit norm that defines
the G2-structure. All indices refer to unwarped metrics.
3.2 Internal supersymmetry
Next, let us consider the internal supersymmetry constraints (2.9). These dictate the embed-
ding conditions for a supersymmetric brane into a supersymmetric type IIA∗ background. In
principle, various solutions may exist which can be obtained in a similar manner as the external
supersymmetry solutions by making use of the G-structure defined by a single Majorana spinor
of Spin(1, 2). However, we are not particularly concerned with generality in this respect and
so will restrict ourselves to a simple solution, namely warped flat space. We write the metric
as the cone over dS2:
ds23 = ds
2(R1,2) = dr2 + r2(−dt2 + cosh2 tdϑ2) . (3.6)
Our ansatz for the fluxes is to take8
Hµνρ = Fµν = F089µ = Hµab = Fµνρa = 0
Fab = −iqr−2ǫrab .
(3.7)
8Note that the index r refers to the radial coordinate y9 = r and is not a summation index.
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In particular, note that Hµνρ = 0 is necessary due to the fact that we are using (2.4) where we
have set the worldvolume flux of the E7-brane to zero. In addition, we also take the ansatz
A(x, y) = Aint(r) + ∆(x)
B(x, y) =
1
4
logZ(r) +Bext(x)
φ(x, y) = φint(r) + φext(x) .
(3.8)
We then obtain the following solution to the internal supersymmetry constraints (2.9):
1
4
∂r logZ = −∂r∆ = −1
3
∂rφint
= −1
4
eφ−Bqr−2 ,
(3.9)
with the additional constraint on the Killing spinor that ∂rX = −∂rB = +∂rA. Note that
the sign is relevant: since we do not have ∂MX = ∂MA, this imposes an additional constraint
on the warp factors A, B. Taking into account the external supersymmetry constraints, the
solution to the differential equations is given by
Z = k +
q
r
(3.10)
with k, q ∈ R, as well as φint(r) = −3Aint = 34 logZ(r).
3.3 Background constraints
Let us now combine the constraints from the previous two subsections. Using the ansatz in
the last paragraph of the previous section, A,B and φ are fixed. We then obtain the following
solution to the supersymmetry constraints (2.7), (2.9):
ds210 = e
2∆(x)
(
1√
Z
ds27(x) +
√
Zds2(R1,2)
)
Z(r) = k +
q
r
φ = −3
4
logZ +∆
H = 14τ0e
2∆Zvol3
F0 = 0
F2 = −iqvol2
F4 = ie
2∆ (4τ0ψ − τ1 ∧ ϕ+ τ3)
τ1 = d∆
τ2 = 0 ,
(3.11)
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with Killing spinor
ε = Z−1/8e−
1
2
∆(x)χ(x)⊗ ζ(y)⊗
(
1
−i
)
. (3.12)
Here, vol2 = cosh tdt ∧ dϑ is the volume of dS2 and vol3 = r2 cosh tdr ∧ dt ∧ dϑ is the volume
of R1,2. Imposing the Bianchi identities, we find two classes of geometries that solve the
supersymmetry constraints:
I: τ1 = τ2 = dτ0 = dτ3 = 0
II: τ0 = τ2 = τ3 = τ1 − d∆ = 0 .
(3.13)
In the first case, the G2-structure is co-closed, and by rescaling the coordinates one can take
∆ = 0 without loss of generality. In the latter case (M7, ds
2
7) has conformal G2-holonomy.
Although not relevant from a field theory point of view, let us investigate the equations
of motions. We adapt the integrability theorem, first derived for IIA in [33], to the case of
IIA∗ at hand. Examining the computations in [34] (see also [35]), it follows that the IIA
integrability theorem also holds for type IIA∗, despite complexification of the fields or any
potential breaking of Lorentz symmetry. Therefore, all NSNS field equations are satisfied,
provided that the generalized Bianchi identities for the democratic RR-fluxes hold and the
mixed space-time components of the NSNS field equations are satisfied. These conditions are
violated precisely by the equation of motion of F4 (or in terms of the democratic formalism,
the Bianchi identity of F6) if and only if any torsion class is non-vanishing.
4 Examples of backgrounds
In this section, we give a number of explicit examples of solutions in the class described by (3.11).
We emphasize again that, although these do not generally satisfy the equations of motion, these
solutions form backgrounds to which field theories can be coupled supersymmetrically.
4.1 Ricci-flat space
As a first example, we consider flat E7-branes with no torsion. The solution to the supersym-
metry constraints (3.11) then reduces to
ds210 =
1√
Z
gµνdx
µdxν +
√
Z
(
dr2 + r2(−dt2 + cosh tdϑ2))
Z = k +
q
r
e2φ = Z−
3
2
F2 = −iq cosh tdt ∧ dϑ .
(4.1)
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The Bianchi identities are manifestly satisfied, as well as the equations of motion. Since ∇µχ =
0, it follows that gµν must be a Ricci-flat metric. The case gµν = δµν corresponds to the
expected solution where the E7-brane wraps R7 (or Rn × T 7−n) [23]. This solution preserves
16 supercharges. It should be noted however that various other solutions exist; generic G2-
holonomy manifolds preserve 2 supercharges, K3× T 3 preserves 8 supercharges, and so on.
4.2 Weak G2-holonomy
As a second example, we consider manifolds admitting a Killing spinor satisfying
∇µχ = 1
2
iγµχ , (4.2)
i.e., τ0 = 1 and all other torsion classes vanishing. In this case, (3.11) reduces to
ds210 = e
2
3
φds2(M7) + e
−
2
3
φds2(R1,2)
e2φ =
(
k +
q
r
)
−
3
2
H = 14e−
4
3
φvol3
F2 = −iqvol2
F4 = 4iψ .
(4.3)
Manifolds equipped with a G2-structure with purely scalar torsion are known as nearly-parallel,
or equivalently, weak G2-holonomy spaces. In particular, as determined in [36] (see also [20]),
generic Sasaki-Einstein manifolds admit 2 such Killing spinors, generic tri-Sasakians admit 3
and the round S7 admits 8. Due to the four-form flux F4 ∼ ψ, the solution is invariant under
G2 × SO(1, 2) or a subgroup thereof.
Let us consider S7 in particular. On S7, we consider the metric
ds2λ(S
7) = dµ2 +
1
4
sin2 µ(σi − σ˜i)2 + 1
4
λ2
[
(σi + σ˜i)
2 + cosµ(σi − σ˜i)2
]
. (4.4)
Here, σi, σ˜i are two pairs of SU(2) left-invariant forms, each parametrizing an S
3. There are two
values of the parameter λ for which this metric is Einstein: λ2 = 1, which yields the standard
round metric, and λ2 = 1
5
[37] (see also [38]). The latter case corresponds to a squashing
of the S3 fiber over the base space S4. The S3-squashed S7 admits a single Killing spinor.
The round S7 admits 8 Killing spinors, which transform as the 8 of SO(8). This breaks as
8 → 1 ⊕ 7 under Spin(7) → G2. In particular, the 7 can be thought of as the component
perpendicular to 14 under the breaking of Spin(7) → G2, with 14 the adjoint which leaves
G2 invariant. In other words, given two linearly independent Majorana spinors χ1,2, both will
lead to different G2-structures and thus, F4 in (4.3) cannot remain invariant.
9 Therefore, the
9 This can be made more explicit by comparing ϕ(2) with ϕ(1) for χ2 = aχ1 + ibµγ
µχ1.
12
solution preserves 2 supercharges after taking into account the R-symmetry. This is somewhat
analogous to what occurs for M-theory solutions on S7 where an internal F4 is turned on which
breaks supersymmetry [39], although the difference in properties of spinors of Spin(2, 9) have
a non-neglible effect on this interpretation when uplifting our solution to M∗-theory.10
It is interesting to compare our results for branes wrapping S7 to those of [41]. The BBG-
solution can be viewed as a background of 8d supergravity, where the metric is a domainwall
containing an S7 factor. This background is then uplifted to type IIA∗ and is expected to
be holographically dual to the known 7d SYM theory on S7 given by (5.6), (5.7). It comes
with H ∼ τ0vol3, but has F4 = 0. As a result, it does not break any supersymmetry. It
also satisfies the equations of motion explicitly. On the other hand, it does not satisfy kappa-
symmetry and should thus be interpreted as the near-horizon limit of an E7-brane. Since our
results, obtained by imposing kappa-symmetry from the start, require F4 ∼ ψ, we conclude
that any supersymmetric brane satisfying the equations of motion with the BBG-solution as
a near-horizon cannot preserve the SO(8)-isometry; the near-horizon limit leads to symmetry
enhancement.
4.3 U(1)-squashed S7
A more intricate example is the case where both τ0 6= 0, τ3 6= 0. This occurs for S7 where it is
the S1 Hopf fibre that is squashed. The metric for this case is given by [14]
ds2(S7
l˜
) = l2ds2(CP 3) + l˜2 (dθ +A)2 . (4.5)
Here, l, l˜ ∈ R and A is the fiber connection, which satisfies dA = 2J , with J the Ka¨hler form
of CP 3. As shown in [14], this squashed S7 admits a Dirac Killing spinor η satisfying
∇µη = α
2l
iγµη + 2(α
2 − 1)iAµη , (4.6)
but for our purposes, it is more convenient to work with Majorana spinors instead. By setting
η = 1
2
(1 + A˜µγµ)χ, it is found after some manipulation that
∇µχ = 1
2
i
(
α
l
+
4
7
l
α
(α2 − 1)
)
γµχ+
2l
α
(α2 − 1)i
(
α2
l2
A(µAν) − 1
7
gµν
)
γνχ , (4.7)
from which we read off the torsion classes
τ0 =
α
l
(
1 +
4
7
l2
α2
(α2 − 1)
)
τµν = −16 l
α
(α2 − 1)
(
α2
l2
A(µAν) − 1
7
gµν
)
.
(4.8)
10See also [40].
13
Thus, the U(1)-squashed S7 can be considered as a deformation of the round S7, leading to a
modification of the 1 torsion and turning on a non-zero 27 torsion. A second Majorana Killing
spinor with identical torsion classes is given by
χ2 = −iα
l
Aµγµχ , (4.9)
which is obtained after noting that A˜ = α/lA for consistency. We therefore find the resulting
background
ds210 =
1√
Z
ds2(S7
l˜
) +
√
Zds2(R1,2)
e2φ =
(
k +
q
r
)
−
3
2
H = 14e−
4
3
φvol3
F2 = −iqvol2
F4 = 4
α
l
(
1 +
4l2
7α2
(α2 − 1)
)
iψ + iτ3 ,
(4.10)
with τ3µνρσ = τ
λ
[µ ψνρσ]λ as per usual.
4.4 S3 ×M4
Next, we will construct solutions on S3 × M4, where M4 is any hyperka¨hler manifold. For
convenience, we will first consider M4 = T
4 and then generalize to arbitrary hyperka¨hlers. Our
starting point will be the associative three-form ϕ and its dual ψ, from which we will deduce
the Killing spinor.
We make use of the standard expression for the associative three-form ϕ in terms of vielbeine
[30]:
ϕ = e567 +
(
e13 − e24) e5 − (e14 + e23) e6 + (e12 + e34) e7
ψ = e1234 +
(
e13 − e24) e67 + (e14 + e23) e57 + (e12 + e34) e56 . (4.11)
Since both S3 and T 4 admit an identity structure (i.e., they are parallelizable), these expressions
are globally well-defined. We choose a frame e1,2,3,4 on T 4 and e5,6,7 = K1,2,3 on S3, with K1,2,3
the left-invariant forms satisfying the Maurer-Cartan equation
dKj =
1
2
ǫjklKk ∧K l . (4.12)
It thus follows that
dφ =
(
e13 − e24)K23 + (e14 + e23)K13 + (e12 + e34)K12
dψ = 0 ,
(4.13)
14
from which we read off the torsion classes
τ0 =
3
14
, τ1 = 0 , τ2 = 0 ,
τ3 = −6
7
e1234 +
1
7
[(
e13 − e24)K23 + (e14 + e23)K13 + (e12 + e34)K12] .
(4.14)
From the four-form τ3, it follows that the traceless symmetric two-tensor τ can be expressed in
terms of the frame as
τ = −6
7
(ea ⊗ ea) + 8
7
(
Kj ⊗Kj) . (4.15)
Since the G2 structure is co-closed, it follows that the E7-brane supersymmetry constraints
are solved for ds27 = ds
2(S3) + ds2(T 4). Explicitly, plugging the above into (3.11) leads to the
following background:
ds210 =
1√
Z
(
ds2(S3) + ds2(T 4)
)
+
√
Zds2(R1,2)
Z(ρ) = k +
q
ρ
H = 3Zvol3
φ = −3
4
logZ
F2 = −iqvol2
F4 = −i
(
6
7
ψ + τ3
)
,
(4.16)
with ψ, τ3 as in (4.11), (4.14).
More generally, let us introduce the two-forms
α1 = (e
13 − e24) , α2 = (e14 + e23) , α3 = (e12 + e34) . (4.17)
We note that the above procedure can be repeated identically as long as α1,2,3 are globally
well-defined closed two-forms, even in the absence of an identity structure. Therefore, identical
solutions can be found on S3 ×M4 for any M4 that is hyperka¨hler,
5 Gauge theory on curved 7-branes
In this section, we will derive field theory actions on the curved 7-brane backgrounds obtained
in section (3). The canonical example is SYM on S7. This theory was first constructed in
[2], taken off-shell in [19] using the flat space procedure of [42],[43], and further investigated in
[8],[20]. The action is composed of the standard flat space SYM action, in addition to a number
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of curvature terms which were added somewhat ad hoc. Following the logic of [9], these terms
should correspond to coupling the theory to a supersymmetric background determined by an
off-shell supergravity which, as we have argued, should be reproducable by a string background.
Indeed, we will show that these curvature terms can all be expressed as coupling to a background
H-field. Given our results in section 3, we argue that the following should be true:
• In addition to coupling gauge theory on S7 (or more generally, any weak G2-holonomy
manifold) to H , it should also be possible to couple gauge theory to a background F4,
whose profile is determined by (3.11).
• Supersymmetric gauge theories should exist on Riemannian manifolds in the following
two classes: co-closed G2-structure spaces and conformally G2-holonomy spaces.
• In the case τ3 6= 0, the coupling to F4 is essential, since that is the only background field
affected by such torsion.
We shall demonstrate these claims below for the first class of manifolds. Inspired by the DBI-
action, we will construct a supersymmetric action on co-closed G2-structure manifolds, where
a coupling to F4 (or more precisely, C3) is made explicit. From a more geometric point of view,
the novel feature of this action is the inclusion of what we will refer to as a “G2-Chern-Simons”
term [45], as well as fermionic counterterms such that two supercharges are preserved on-shell.11
We will take one of these supercharges off-shell, which suffices to allow for localization.
5.1 SYM on weak G2-holonomy manifolds
Our starting point is the on-shell d = 10, N = 1 SYM action on flat space, given by
S =
∫
d10xTr
(
1
2
FMNFMN −ΨΓMDMΨ
)
, (5.1)
with Ψ = ΨTC−1 and
DMΨ = ∇MΨ+ [AM ,Ψ] , DMAN = ∇MAN + [AM , AN ] , FMN = ∂MAN − ∂NAM + [AM , AN ] .
The action is invariant under the supersymmetry transformations
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε
(5.2)
11A supersymmetric contact structure Chern-Simons action in 7d was constructed in [7]. This is a different
type of Chern-Simons-like theory from the one discussed here.
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with ε a commuting Spin(1, 9) Majorana-Weyl spinor satisfying ∇Mε = 0. By dimensional
reduction on the flat internal Lorentzian space, this leads to the action
S =
∫
d7xTr
(
1
2
FMNFMN −ΨΓMDMΨ
)
, (5.3)
where we still use ten-dimensional indices to keep notation compact. The gauge field AM
decomposes into (Aµ(x), φa(x)) such that F
2 leads to kinetic terms for both the gauge field
and scalar field, as well as a φ4 potential for the scalars. The gaugino Ψ is an anti-commuting
Spin(1, 9) Majorana-Weyl spinor. Gauge group indices have been suppressed.
Next, let us review the how to generalize the 7d Euclidean action, on the one hand to
manifolds admitting Killing spinors with scalar torsion [2], on the other to simultaneously
allow for a partial off-shell formulation with up to nine supercharges off-shell [42],[19]. This
includes the canonical examples on S7 and on Sasaki-Einstein manifolds. We will mostly follow
the notation of [20]. We decompose 12
ε = χ⊗ ζ ⊗
(
1
0
)
. (5.4)
Using ∇µχ = 12iτ0γµχ, we obtain
∇µε = 1
2
τ0ΓµΛε , Λ ≡ Γ089 = P2 . (5.5)
The off-shell action on a weak G2-holonomy manifold is then given by
S =
∫
d7x
√
g(7)
(
1
2
FMNFMN −Ψ
(
ΓMDM − 3
2
τ0Λ
)
Ψ+ 8τ 20φ
aφa + 2τ0[φ
a, φb]φcǫabc −KjKj
)
.
(5.6)
The action is invariant under the following supersymmetry transformations :
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε+
8
7
Γµaφa∇µε+Kjνj
δεK
j = −νj(ΓMDM − 3
2
τ0Λ)Ψ .
(5.7)
The number of supercharges preserved is given by the number of Killing spinors admitted by
the underlying manifold M7 times the number of generators for the SU(1, 1) R-symmetry; for
example, 16 for S7, 4 for general Sasaki-Einstein manifolds, 2 for arbitrary weak G2-holonomy
manifolds. The fields Kj are 7 auxiliary scalar fields which take at most 9 supercharges off-shell.
The fact that j ∈ {1, ..., 7} is incidental and unrelated to the fact that we are working in d = 7.
12 There is a slight subtlety for the Killing spinor ε: previously, we deduced that although kappa-symmetry
reduces the number of supercharges to 16, ε is not chiral. Here, we will instead make use of a chiral spinor.
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The supersymmetry transformations of Kj are given in terms of νj , a set of commuting pure
spinors satisfying
εΓMνj = 0
νiΓMνj = δijvM
νj ⊗ νj + ε⊗ ε = 1
2
vMΓM .
(5.8)
with vM = εΓMε. They are determined only up to SO(7) rotations.
Taking into account (3.11), we now observe that the curvature terms in the action may
be reformulated as the coupling to background H-fields. Specifically, setting ∆ = Z = 1 and
making use of
H = 14τ0vol3 , (5.9)
we see that (5.6) can be rewritten as
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ−KjKj
)
(5.10)
+
∫
d7x
√
g(7) Tr
(
− 1
56
HMNPΨΓMNPΨ+
1
7
HMNPA
MFNP − 1
49
HMPQH
NPQAMA
N
)
.
Note that crucially, H is independent of the G2-structure and hence does not break supersym-
metry.
5.2 Supersymmetric G2-Chern-Simons
In order to examine gauge theory on manifolds with additional non-trivial intrinsic torsion
τ3 6= 0, we wish to write down a supersymmetric action coupled to C3. We will first do this
for the simpler case on weak G2-holonomy manifolds, which we will generalize to arbitrary co-
closed G2-structure manifolds afterwards. In the former case, one has dϕ = 4τ0ψ. The brane
solution (3.11) yields the conclusion that
−iF4 = dϕ = 4τ0ψ =⇒ C3 = iϕ . (5.11)
We thus deduce from the WZ-part of the E7-brane action that coupling the field theory to F4
should induce a term
SF4 = −i
∫
C3 ∧ F ∧ F =
∫
ϕ ∧ F ∧ F
= 4τ0
∫
ψ ∧
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
.
(5.12)
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This is the G2-Chern-Simons term [45], which has appeared in various contexts in string theory
[46] [47] [48], albeit generally for G2-holonomy manifolds. In 3d, the Chern-Simons action
SCS =
k
8π2
∫
M3
Tr
(
A ∧ dA + 2
3
A ∧A ∧A
)
(5.13)
is not gauge invariant and leads to quantization of the CS-level k. On the other hand, in 4d,
the θ-action
Sθ =
θ
16π2
∫
M4
F ∧ F (5.14)
is gauge invariant. We see that in 7d on weak G2-holonomy manifolds, up to a total derivative,
the terms are equivalent. The gauge invariance is manifest, and so no quantization occurs.
Similarly to the θ-action, the G2-Chern-Simons action is intimately related with instantons.
The equation of motion of (5.14) is that the connection A should be flat, while in the presence
of a kinetic term, the equation of motion implies (anti-)selfduality and primitivity of F . In
7d, the analogy of the flat connection is that the 7 component of the field strength is trivial
and hence the field strength takes value in the 14 of the canonical G2-structure associated to
the metric. The analogous statement to selfduality is given by ⋆7F = ϕ ∧ F . Generally, the
occurrence of instantons in p+1 dimensions is associated to euclideanized Dp-D(p−4) systems
[49],[50]. In our case, no E3-brane is present, as can be confirmed by noting that the metric in
(3.11) preserves SO(7) Lorentz symmetry. Instead, these instantons are sourced by the scalar
curvature τ0.
We wish to construct a supersymmetric version of the G2-Chern-Simons action coupled to
Yang-Mills. For non-trivial τ0, a second realization of the supersymmetry algebra can be found
in addition to (5.6), (5.7), as shown in appendix B. The action
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ−KjKj
)
+ τ0
∫
d7x
√
g(7) Tr
(
−3
2
ΨΛΨ− 2ǫabcF abφc + 8τ0φaφa
)
(5.15)
−
∫
4τ0ψ ∧ Tr
(
A ∧ dA+ 2
3
A ∧ A ∧A
)
−
∫
d7x
√
g(7) Tr
(
1
4!
τ0ψ
µνρσΨΛΓµνρσΨ
)
.
is invariant under the following on-shell supersymmetry transformations:
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε− 8
7
Γµαφa∇µε− 8Aµ∇µε+ νjKj
δεK
j = −νj
(
ΓMDM +
3
2
τ0Λ +
1
4!
τ0Λψ
µνρσΓµνρσ
)
Ψ
(5.16)
Surprisingly enough, we thus conclude that this action is not obtained by summing up the
supersymmetric Yang-Mills action (5.6) with some putative supersymmetric G2-Chern-Simons
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action, due to the changes in the algebra. In fact, comparing (5.15), (5.16) with (5.6), (5.7),
we see that other than the addition of the G2-Chern-Simons term, the changes are precisely
τ0 → −τ0 , (5.17)
with the exception of the defining Killing spinor equation (5.5). This prohibits any possible
interpolation between this action and (5.6).
Using (3.11), we reformulate the action (5.15) in terms of background fluxes as follows:
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ−KjKj
)
+
∫
d7x
√
g(7) Tr
(
1
56
HMNPΨΓMNPΨ− 1
7
HMNPA
MFNP − 1
49
HMPQH
NPQAMA
N
)
+i
∫
C3 ∧ Tr (F ∧ F ) + i
∫
d7x
√
g(7) Tr
(
1
4!4
FMNPQ4 ΨΛΓMNPQΨ
)
.
(5.18)
A primary motivation for rewriting the action in terms of backgrounds fields rather than torsion
is of course the hope to extend the action to the case of more general backgrounds, including
more general metrics. However, there are some ambiguities in deciding how to rewrite the
action precisely. In particular, note that since F4 = 4iτ0ψ = dC3, we have that
C3µνρ =
1
4!4τ0
ǫµνρστκλF
στκλ
4 , (5.19)
which is the odd-dimensional selfduality condition for a (2k − 1)-form in d = 4k − 1 discussed
in [44]. In addition, the fermionic coupling to the background field C3 can be rewritten as
F µνρσ4 ΨΛΓµνρσΨ = −2Cνρσ3 ΨΛΓµνρσ∂µΨ , (5.20)
thus appearing as a modification of the fermionic kinetic term. We will see that some of these
ambiguities are fixed when generalizing the action, as we will now show.
We generalize this procedure to obtain an action on arbitrary co-closed G2-structure man-
ifolds. Given a Spin(7) Killing spinor satisfying ∇µχ = 12iτ0γµχ − 18 iτµνγνχ, we see that the
10d Killing spinor (5.4) satisfies
∇µε = 1
2
τ0ΓµΛε− 1
8
τµνΓ
νΛε . (5.21)
As we anticipated, we were unable to extend the pure SYM action (5.6), (5.7) to spaces with
non-trivial τ3, whereas we have been able to extend the G2-Chern-Simons action (5.15). As
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deduced in appendix B, we find that the action
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ−KjKj
)
+ τ0
∫
d7x
√
g(7) Tr
(
−3
2
ΨΛΨ− 2ǫabcF abφc + 8τ0φaφa
)
+
∫
(−4τ0ψ + τ3) ∧ Tr
(
A ∧ dA+ 2
3
A ∧A ∧A
)
+
∫
d7x
√
g(7) Tr
(
1
4!4
(−4τ0ψµνρσ + τµνρσ3 )ΨΛΓµνρσΨ
)
(5.22)
is off-shell supersymmetric with respect to
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε− 8
7
Γµαφa∇µε− 8Aµ
(
∇µ + 1
8
τµνΓ
νΛ
)
ε+ νjKj
δεK
j = −νj
(
ΓMDM +
3
2
τ0Λ +
1
4!
τ0Λψ
µνρσΓµνρσ
)
Ψ .
(5.23)
In light of (3.11), we see that the action (5.18) does not generalize to the situation with τ3 6= 0,
due to the sign of τ3 in (5.22). Indeed, in the presence of τ3, it follows that the odd selfduality
condition (5.20) is no longer valid. Hence, let us rewrite (5.18) as
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ−KjKj
)
(5.24)
+
∫
d7x
√
g(7) Tr
(
1
56
HMNPΨΓMNPΨ− 1
7
HMNPA
MFNP − 1
49
HMPQH
NPQAMA
N
)
+i
∫
F4 ∧ Tr
(
A ∧ dA + 2
3
A ∧A ∧ A
)
+ i
∫
d7x
√
g(7) Tr
(
1
4!4
FMNPQΨΛΓMNPQΨ
)
.
with
F4 = 8τ0 ⋆7
(
C3 − 1
8τ0
⋆7 F4
)
, (5.25)
which satisfies F4 = F4 when τ3 = 0. We then find that this is the appropriate action which
can be generalized to co-closed G2-structure manifolds, in that it matches the action (5.22).
6 Conclusion
We have constructed novel 7d supersymmetric gauge theories on G2-structure manifolds. Such
spaces can be classified according to their torsion classes. In the case of weak G2-holonomy
manifolds, i.e., only non-trivial scalar torsion, we have constructed an alternative to the known
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SYM theory (5.6), (5.7), namely (5.15) (5.16), which includes a G2-Chern-Simons term. Even
though the G2-Chern-Simons term comes with fermionic counterterms, together these are in-
sufficient to ensure invariance of supersymmetry and the inclusion of the SYM action appears
to be a necessity. Next, we have extended this action to co-closed G2-structure spaces, given in
(5.22), (5.23), for which a pure SYM theory is unknown. Examples of such spaces are S3×M4
with M4 hyperka¨hler and U(1)-squashed S
7.
These actions were constructed by coupling to a flux background satisfying the supersym-
metry constraints of an E7-brane in a supersymmetric type IIA∗ background; obtaining the
background by examining an off-shell supergravity background would not have been possible,
since the field content corresponds to a non-minimal 7d supergravity which is currently un-
known off-shell. In addition, whereas previously the additional curvature terms in the action
have been somewhat ad hoc, the nature of the precise coupling terms is reminiscent of a DBI-
WZ-like brane theory, thus lending credence to our methods. The downside is the low amount of
supercharges preserved by the theory. This is independent of the number of admissible Killing
spinors on the underlying manifold, since different spinors lead to different G2-structures and
hence different solutions for F4. Since one of the supercharges has been taken off-shell, the
theory is amenable to localization. It would be interesting to compare the results of such
computations to the results of pure SYM localization [8],[20],[51].
We have used the notion of a kappa-symmetric E7-brane purely as a tool to construct
the field theories; similar to the standard procedure of coupling to off-shell supergravity back-
grounds, our E7-brane solutions do not solve the equations of motion. However, the violation
lies purely in the equation of motion for F4; it may prove worthwhile to turn on fields we have
set to zero by hand to see if this can be remedied. Hence from a gravitational point of view,
our setup may be viewed as a stepping stone to construct Euclidean brane solutions on curved
spaces satisfying the EoM. Another avenue to explore is to look at the second class of brane
backgrounds we have obtained, namely the conformally G2-holonomy manifolds with τ0,2,3 = 0,
τ1 = d∆. It would be interesting to compare the resulting field theory to recent work on SYM
theories on spheres with non-constant couplings [52].
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A Conventions & identities
A.1 Gamma-matrices
In this section we give our conventions for the gamma-matrices. We decompose Spin(1, 9) →
Spin(7) ⊗ Spin(1, 2), with indices µ, ν, ... ∈ {1, ..., 7}, a, b, ... ∈ {0, 8, 9}. Correspondingly, the
10d gamma matrices we use act on 32-component spinors as13.
Γµ = γµ ⊗ 1⊗ (−σ2) = iγµP1
Γa = 1⊗ γˇa ⊗ σ1 = γˇaP2
Γ(10) = 1⊗ 1⊗ σ3 = P ,
(A.1)
where for convenience we have defined
P = 1⊗ 1⊗ σ3
P1 = 1⊗ 1⊗ iσ2
P2 = 1⊗ 1⊗ σ1 .
(A.2)
As a result, we find the useful relation
γµ = iΓµP1 = −iΓµP2P . (A.3)
The 3d ‘internal’ gamma matrices are defined as γˇ0 = −iσ2, γˇ8 = σ3, γˇ9 = σ1 such that
1
3!
ǫabcγˇ
abc = −1
1
2
ǫabcγˇ
bc = −γˇa
ǫabcγˇ
c = γˇab
ǫabc = γˇabc ,
(A.4)
with ǫ089 = +1. On the brane, which we dub ‘external space’, we use
γµ1...µ7 = −iǫµ1...µ7 . (A.5)
The external gamma-matrices are imaginary anti-symmetric. The charge conjugation matrix
decomposes as
C10 = C7 ⊗ C3 ⊗ σ1 . (A.6)
Finally, we make use of the definition Ψ = ΨTC−1 for Spin(1, 9) spinors.
13 For comparison, in our notation the 32× 32 gamma-matrices of [20] are given by
γˆthere
µ
= γµ ⊗−σ2 ⊗ σ1 , γˆthere8 = 1⊗ σ1 ⊗ σ1
γˆthere9 = 1⊗ σ3 ⊗ σ1 , γˆthere0 = 1⊗ 1⊗ iσ2 .
As a consequence, Λthere = 1⊗−iσ2 ⊗ 1, whereas Λhere = 1⊗ 1⊗ σ1.
A.2 G2-structure
Our G2-structure conventions match those of [53] up to a change of sign for the volume form
(and hence, Hodge dual), and match those of [54] [55] precisely. Let us spell them out explicitly,
as well as a number of identities that we require.
The G2-structure is defined by the associate and co-associative forms (ϕ, ψ), with ψ = ⋆7ϕ,
which can be expressed in terms of a unimodular Majorana Spin(7) spinor χ as
ϕµνρ = −iχγµνρχ
ψµνρσ = −χγµνρσχ .
(A.7)
These satisfy the following useful relations, as can be demonstrated by Fierzing:
ψµνκλψ
κλ
ρσ = 2ψµνρσ + 4δµρδνσ − 4δµσδνρ ,
ψµνκλϕ
κλ
ρ = 4ϕµνρ ,
ϕµκλϕ
νκλ = 6δνµ
ϕκλτψ
µνρτ = −3δ[µκ ϕνρ]λ + 3δ[µλ ϕνρ]κ .
(A.8)
In addition, we also have
γµνχ = iϕµνργ
ρχ ,
γµνρχ = iϕµνρχ+ ψµνρσγ
σχ ,
γµνρσχ = −4iϕ[µνργσ]χ− ψµνρσχ
γµνρσλχ = −5ψ[µνρσγλ]χ .
(A.9)
Existence of a G2-structure ensures that differential forms onM7, which a priori furnish SO(7)-
representations, can be decomposed into irreducible G2-representations as follows:
Ω1(M7) ∼ 1 , Ω2(M7) ∼ 7⊕ 14 , Ω3(M7) ∼ 1⊕ 7⊕ 27 . (A.10)
Applying this to the exterior derivatives of the associative and co-associtave forms, we obtain
the torsion classes. Specifically, these are defined as
dϕ = 4τ0ψ + 3τ1 ∧ ϕ+ τ3
dψ = 4τ1 ∧ ψ + τ2 ∧ ϕ
(A.11)
with τ0 ∼ 1, τ1 ∼ 7, τ2 ∼ 14, τ3 ∼ 27. Note that there are a number of ways to express the
27; as a three-form, four-form, or as a traceless symmetric two-form. In (A.11), τ3 is defined
to be a four-form. We define
τ3µνρσ = τ
λ
[µ ψνρσ]rλ ⇐⇒ τµν =
1
3
ψρσλ(µτ3n)ρσλ . (A.12)
Using the above, we can find an expression for the connection acting on the spinor in terms of
the torsion classes. The basis of spinors is given by (χ, γµχ), hence generically one should find
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∇µχ = Aµχ +Bµνγνχ. Decomposing B ∼ 7× 7 ∼ 1 + 7 + 14 + 27 as Bµν = aδµν + ϕµνρbρ +
c[µν] + d(µν), these components can be solved in terms of the torsion classes by constructing
various bilinears to obtain the crucial identity
∇µχ = 1
2
iτ0γµχ− 1
2
i
(
−ϕµνρτρ1 +
1
2
τ2µν +
1
4
τµν
)
γνχ . (A.13)
B Closure of the supersymmetry algebra
B.1 τ1,2,3 = 0
In this appendix, we will derive the existence of a second realization of the supersymmetry
algebra on weak G2-holonomy spaces with corresponding invariant action, in addition to the one
discussed in [2],[19],[8]. Let us consider the following ansatz for the supersymmetry variations:
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε+
1
2
(k3 − 8)τ0φaΛΓαε− 7
2
k1τ0A
MΛ/ψΓMε+
1
2
k2τ0A
MΛΓMε ,
(B.1)
with k1,2,3 ∈ R parameters to be determined, and /ψ = 14!ψµνρσΓµνρσ. Making use of the fact
that /ψε = −7ε due to (A.9), it can be shown that
δ2εφa = −vνFνa + [φa, (vbφb)] +
1
2
(7k1 + k2 + k3 − 8)τ0 (εΓabΛε)φb
δ2εAµ = −vνFνµ +Dµ(vbφb) +
1
2
(k2 − 5k1)Aν∇µvν
δ2εΨ = −vMDMΨ−
1
4
∇µvνΓµνΨ+ 1
2
(−4k1 − k3)τ0 (ΨΓaε) ΛΓaε
−
(
ε
(
ΓMDM − 1
2
(3− k0 + 4k1)τ0Λ + 1
14
k0τ0Λ/ψ
)
Ψ
)
ε
+
1
2
vNΓN
(
ΓMDM − 1
2
(3− k2 − 2k1)τ0Λ + 1
2
k1τ0Λ/ψ
)
Ψ
+
1
2
(
−2 + 1
2
k2 − 1
2
k1
)
τ0 (εΓabΛε) Γ
abΨ ,
(B.2)
with vM = εΓMε. Note that when the decomposition of ε uses only a single Spin(7) Majorana
spinor, as will be the case for most of this paper, vµ = 0; we have not made use of this so as to
simplify the comparison to the standard SYM algebra. Closure of the algebra enforces
k0 = 7k1 , k2 = 5k1 , k3 = −4k1 , (B.3)
such that on-shell δ2ε = −Lv−Gφava−R, with Lv generating a translation along v, Gφava a gauge
transformation with parameter φava and R an R-symmetry transformation. The fermionic
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equation of motion is given by
(
ΓMDM − 3
2
(1− k1)τ0Λ+ 1
2
k1τ0Λ/ψ
)
Ψ . (B.4)
Therefore, in order to find an action under this algebra, we take the ansatz
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ
)
+τ0
∫
d7x
√
g(7)Tr
(
3
2
(1− k1)ΨΛΨ+ 2(1 + n3)F abφcǫabc + 8(1 + n2)τ0φaφa
)
+τ0
∫
Tr
(
n4ψ ∧
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
− 1
4!2
k1ψ
µνρσΨΛΓµνρσΨ
)
(B.5)
The variation of this action under (B.1) is given by
τ−10 δεS = ΨΓ
µνΛεFµν
(
3
2
k1 − n4 + 1
2
k1 − 4k1
)
+ΨΓµaΛεFµa (8k1 − 3k1 − 4k1 − k1)
+ ΨΓabΛεFab
(
8k1 +
3
2
k1 + 6n3 − 7
2
k1
)
+ τ0ΨΓ
µεAµ
(−10k1 − 6(1− k1)k1 + 2k21)
+ τ0ΨΓ
aεφa
(
28k1 + 16n2 + 12(k
2
1 − 2k1) + 28k1(1− k1)
)
. (B.6)
We thus find two supersymmetrically invariant actions: either k1 = n2,3,4 = 0, leading to the
known SYM theory (5.6), (5.7), or
k1 = 2 , n2 = 0 , n3 = −2 , n4 = −4 . (B.7)
This latter choice results in the action
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ
)
+τ0
∫
d7x
√
g(7)Tr
(
−3
2
ΨΛΨ− 2F abφcǫabc + 8τ0φaφa
)
+
∫
Tr
(
− 4τ0ψ ∧
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
− 1
4!
τ0ψ
µνρσΨΛΓµνρσΨ
)
(B.8)
invariant under the on-shell algebra
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε− 8
7
Γµαφa∇µε− 8Aµ∇µε .
(B.9)
The algebra can be taken off-shell in the usual way by making use of 7 auxiliary scalar fields
Kj and 7 commuting fermions νj satisfying (5.8).14 The construction of such spinors follows
14We thank Maxim Zabzine for useful comments on the off-shell construction for proper G2-manifolds.
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along the lines of [43] and consequently [19]. The action (B.8) is invariant under 2 independent
supercharges, given by
ε = χ⊗ ζ ⊗
(
1
0
)
, ζ = e
3
4
pii
(
ζ1
ζ2
)
, (B.10)
where χ defines the co-associative form ψ in (B.8), ζ1,2 are real and the phase of ζ is fixed by
the Majorana condition. Therefore, it follows that vµ = 0 and vav
a = 1 as remarked in [20].
In order to take 1 supercharge off-shell, we set ζ2 = 0 as a partial R-symmetry fix such that
v8 = 0 and Γ90ε = ε. We thus break the bosonic component of the supersymmetry algebra to
g2 × so(1, 1). By setting
νj = Γj8ε , (B.11)
one finds that (5.8) is satisfied. The off-shell algebra is then given by (5.16), which leaves the
action (5.15) invariant. The variation of the auxiliary field squares to
δ2εK
j = −vMDMKj − ν [j
(
Γµ∇µ + 3
2
τ0Λ+ /ψ
)
νk]Kk , (B.12)
where the latter term corresponds to an SO(7) rotation of the scalar fields Kj .
B.2 τ1,2 = 0
We now allow for non-trivial τ3 as well, such that
∇µε = 1
2
τ0ΓµΛε− 1
8
τµνΓ
νΛε . (B.13)
Our ansatz for the supersymmetry algebra will be
δεAM = ΨΓMε
δεΨ =
1
2
FMNΓ
MNε+ 4τ0φaΓ
aΛε− 4τ0AµΓµΛε+mAµτµνΓνΛε
(B.14)
with m ∈ R a parameter to be determined. For τ3 = 0, the algebra reduces to (B.9). Making
use of(B.2) and (B.7), we obtain the following:
δ2εφa = −vνFνa + [φa, (vbφb)] + 4τ0 (εΓabΛε)φb
δ2εAµ = −vνFνµ +Dµ(vbφb)
δ2εΨ = −vMDMΨ−
1
4
∇µvνΓµνΨ+ τ0 (εΓabΛε) ΓabΨ
−
(
ε
(
ΓMDM +
3
2
τ0Λ + τ0Λ/ψ − 1
4
Λ /τ3
)
Ψ
)
ε
+
1
2
vNΓN
(
ΓMDM +
3
2
τ0Λ + τ0Λ/ψ − 1
4
Λ /τ3
)
Ψ
+m
(
−1
2
vNΓNΛ /τ3Ψ− 1
4
(εΓνΓ
ρΛε) τµρΓ
µνΨ
)
(B.15)
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Therefore, the unique closed extension of the algebra to spaces with non-trivial τ3 is given by
m = 0.
Next, we look for an action invariant under the algebra (B.14). Taking into account that
the fermionic equation of motion should correspond to(
ΓMDM +
3
2
τ0Λ + τ0Λ/ψ − 1
4
Λ /τ3
)
Ψ , (B.16)
our ansatz will be to extend (B.8) as
S =
∫
d7x
√
g(7) Tr
(
1
2
FMNFMN −ΨΓMDMΨ
)
+ τ0
∫
d7x
√
g(7)Tr
(
−3
2
ΨΛΨ− 2ǫabcF abφc + 8τ0φaφa
)
+ τ0
∫
Tr
(
− 4ψ ∧
(
A ∧ dA + 2
3
A ∧A ∧A
)
− 1
4!
ψµνρσΨΛΓµνρσΨ
)
+
∫
Tr
(
m1τ3 ∧
(
A ∧ dA+ 2
3
A ∧A ∧A
)
+
1
4!4
m2τ
µνρσ
3 ΨΛΓµνρσΨ
)
,
(B.17)
with m, m1, m2 to be determined by supersymmetry invariance. Using
LFCS2 = −
1
4!
ΨΛΓµνρσΨτ˜3
µνρσ
=⇒ δεLFCS2 = ΨΓσεϕµνρτ σµ Fνρ + 2ΨΓµaΛετ νµ Fνa − 8τ0ΨΓµετµνAν
(B.18)
we obtain
δS = ΨΓµνΛετ ρµ Fρν
(
1
2
− 1
2
m1 +
1
2
m
)
+ΨΓµaΛετ ρµ Fρa
(
1
2
− 1
2
m2
)
+ΨΓσεϕ
µνρτ σµ Fνρ
(
1
4
m1 − 1
4
m2
)
+ τ0ΨΓ
µετµνA
ν (−2 + (−3− 2 + 5)m+ 2m2)
+ ΨΓµετ
µντνρA
ρ
(
1
2
− 1
2
m2
)
m . (B.19)
Thus, the unique solution is given by
m1 = m2 = 1 , m = 0 . (B.20)
The fact that m
!
= 0 for invariance of the action matches the solution to the constraint coming
from closure of the algebra.
As explained in appendix B.1, one of the two supercharges can be taken off-shell, leading
to the algebra (5.23) which preserves the action (5.22). The closure of the algebra when acting
on the auxiliary scalar Kj is satisfied with
δ2εK
j = −vMDMKj − ν [j
(
Γµ∇µ + 3
2
τ0Λ+ Λ/ψ − 1
4
/τ3
)
νk]Kk . (B.21)
28
References
[1] V. Pestun et al., Localization techniques in quantum field theories, J. Phys. A 50 (2017)
no.44, 440301, doi:10.1088/1751-8121/aa63c1, [1608.02952].
[2] M. Blau, Killing spinors and SYM on curved spaces, JHEP 0011 (2000) 023,
doi:10.1088/1126-6708/2000/11/023, [hep-th/0005098].
[3] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71, doi:10.1007/s00220-012-1485-0, [0712.2824].
[4] N. Doroud, J. Gomis, B. Le Floch and S. Lee, Exact Results in D=2 Supersymmetric
Gauge Theories, JHEP 1305 (2013) 093, doi:10.1007/JHEP05(2013)093, [1206.2606].
[5] A. Kapustin, B. Willett and I. Yaakov, Exact Results for Wilson Loops in
Superconformal Chern-Simons Theories with Matter, JHEP 1003 (2010) 089,
doi:10.1007/JHEP03(2010)089, [0909.4559].
[6] N. Hama, K. Hosomichi and S. Lee, Notes on SUSY Gauge Theories on Three-Sphere,
JHEP 1103 (2011) 127, doi:10.1007/JHEP03(2011)127, [1012.3512].
[7] J. Ka¨lle´n and M. Zabzine, Twisted supersymmetric 5D Yang-Mills theory and contact
geometry, JHEP 1205 (2012) 125, doi:10.1007/JHEP05(2012)125, [1202.1956].
[8] J. A. Minahan and M. Zabzine, Gauge theories with 16 supersymmetries on spheres, JHEP
1503 (2015) 155, doi:10.1007/JHEP03(2015)155, [1502.07154].
[9] G. Festuccia and N. Seiberg, Rigid Supersymmetric Theories in Curved Superspace, JHEP
1106 (2011) 114, doi:10.1007/JHEP06(2011)114, [1105.0689].
[10] B. Jia and E. Sharpe, Rigidly Supersymmetric Gauge Theories on Curved Superspace,
JHEP 1204 (2012) 139, doi:10.1007/JHEP04(2012)139, [1109.5421].
[11] H. Samtleben and D. Tsimpis, Rigid supersymmetric theories in 4d Riemannian space,
JHEP 1205 (2012) 132, doi:10.1007/JHEP05(2012)132, [1203.3420].
[12] C. Klare, A. Tomasiello and A. Zaffaroni, Supersymmetry on Curved Spaces and Hologra-
phy, JHEP 1208 (2012) 061, doi:10.1007/JHEP08(2012)061, [1205.1062].
[13] T. T. Dumitrescu, G. Festuccia and N. Seiberg, Exploring Curved Superspace, JHEP 1208
(2012) 141, doi:10.1007/JHEP08(2012)141, [1205.1115].
[14] J. T. Liu, L. A. Pando Zayas and D. Reichmann, Rigid Supersymmetric Backgrounds of
Minimal Off-Shell Supergravity, JHEP 1210 (2012) 034, doi:10.1007/JHEP10(2012)034,
[1207.2785].
29
[15] T. T. Dumitrescu and G. Festuccia, Exploring Curved Superspace (II), JHEP 1301 (2013)
072, doi:10.1007/JHEP01(2013)072, [1209.5408].
[16] H. Triendl, Supersymmetric branes on curved spaces and fluxes, JHEP 1511 (2015) 025,
doi:10.1007/JHEP11(2015)025, [1509.02926].
[17] R. Minasian, D. Prins and H. Triendl, Supersymmetric branes and instantons on curved
spaces, JHEP 1710 (2017) 159, doi:10.1007/JHEP10(2017)159, [1707.07002].
[18] R. Minasian and D. Prins, Ten-dimensional lifts of global supersymmetry on curved spaces,
JHEP 1810 (2018) 002, doi:10.1007/JHEP10(2018)002, [1710.10853].
[19] M. Fujitsuka, M. Honda and Y. Yoshida, Maximal super Yang-Mills theo-
ries on curved background with off-shell supercharges, JHEP 1301 (2013) 162,
doi:10.1007/JHEP01(2013)162, [1209.4320].
[20] K. Polydorou, A. Roce´n and M. Zabzine, 7D supersymmetric Yang-Mills on curved man-
ifolds, JHEP 1712 (2017) 152, doi:10.1007/JHEP12(2017)152, [1710.09653].
[21] J. A. Strathdee, Extended Poincare Supersymmetry, Int. J. Mod. Phys. A 2 (1987) 273.,
doi:10.1142/S0217751X87000120.
[22] C. M. Hull, Duality and the signature of space-time, JHEP 9811 (1998) 017,
doi:10.1088/1126-6708/1998/11/017, [hep-th/9807127].
[23] C. M. Hull and R. R. Khuri, Branes, times and dualities, Nucl. Phys. B 536 (1998) 219,
doi:10.1016/S0550-3213(98)00691−9, [hep-th/9808069].
[24] C. M. Hull and R. R. Khuri, World volume theories, holography, duality and time, Nucl.
Phys. B 575 (2000) 231, doi:10.1016/S0550-3213(00)00057−2, [hep-th/9911082].
[25] E. A. Bergshoeff, J. Hartong, A. Ploegh, J. Rosseel and D. Van den Bleeken, Pseudo-
supersymmetry and a tale of alternate realities, JHEP 0707 (2007) 067, doi:10.1088/1126-
6708/2007/07/067, [0704.3559].
[26] P. K. Townsend and P. van Nieuwenhuizen, Gauged Seven-dimensional Supergravity, Phys.
Lett. B 125 (1983) 41, [Phys. Lett. 125B (1983) 41]., doi:10.1016/0370-2693(83)91230-3.
[27] A. H. Chamseddine and W. A. Sabra, D = 7 SU(2) gauged supergravity from D
= 10 supergravity, Phys. Lett. B 476 (2000) 415, doi:10.1016/S0370-2693(00)00129-5,
[hep-th/9911180].
[28] H. Lu and C. N. Pope, Exact embedding of N=1, D = 7 gauged supergravity in D = 11,
Phys. Lett. B 467 (1999) 67, doi:10.1016/S0370-2693(99)01170-3, [hep-th/9906168].
30
[29] G. Dibitetto, J. J. Ferna´ndez-Melgarejo and D. Marque´s, All gaugings and sta-
ble de Sitter in D = 7 half-maximal supergravity, JHEP 1511 (2015) 037,
doi:10.1007/JHEP11(2015)037, [1506.01294].
[30] S. Chiossi and S. Salamon, The Intrinsic torsion of SU(3) and G(2) structures, Differential
Geometry, Valencia 2001, World Sci. Publishing, 2002, pp 115-133, math.dg/0202282.
[31] T. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel G(2) structures,
SFB-288-162., [hal-00126037]
[32] D. Crowley and J. Nordstro¨m, New invariants of G2-structures, Geometry & Topology 19
(2015) 2949−2992, doi: 10.2140/gt.2015.19.2949, [1211.0269].
[33] D. Lust and D. Tsimpis, Supersymmetric AdS(4) compactifications of IIA supergravity,
JHEP 0502 (2005) 027, doi:10.1088/1126-6708/2005/02/027, [hep-th/0412250].
[34] D. Lust, F. Marchesano, L. Martucci and D. Tsimpis, Generalized non-supersymmetric
flux vacua, JHEP 0811 (2008) 021, doi:10.1088/1126-6708/2008/11/021, [0807.4540].
[35] D. Prins and D. Tsimpis, Type IIA supergravity and M -theory on manifolds with SU(4)
structure, Phys. Rev. D 89 (2014) 064030, doi:10.1103/PhysRevD.89.064030, [1312.1692].
[36] C. Ba¨r, Real Killing spinors and holonomy, Comm. Math. Phys., Volume 154, Number 3
(1993), 509-521, euclid: 1104253076.
[37] G. R. Jensen, Einstein metrics on principal fibre bundles, J. Differential Geom., Volume
8, Number 4 (1973), 599-614, euclid: 1214431962.
[38] M. J. Duff, B. E. W. Nilsson and C. N. Pope, Kaluza-Klein Supergravity, Phys. Rept. 130
(1986) 1., doi:10.1016/0370-1573(86)90163−8.
[39] F. Englert, M. Rooman and P. Spindel, Supersymmetry Breaking by Torsion and the
Ricci Flat Squashed Seven Spheres, Phys. Lett. 127B (1983) 47., doi:10.1016/0370-
2693(83)91627−1.
[40] M. Henneaux and A. Ranjbar, Timelike duality, M ′-theory and an exotic form of the
Englert solution, JHEP 1708 (2017) 012, doi:10.1007/JHEP08(2017)012, [1706.06948].
[41] N. Bobev, P. Bomans and F. F. Gautason, Spherical Branes, [1805.05338].
[42] N. Berkovits, A Ten-dimensional superYang-Mills action with off-shell supersymmetry,
Phys. Lett. B 318 (1993) 104, doi:10.1016/0370-2693(93)91791-K, [hep-th/9308128].
[43] J. M. Evans, Supersymmetry algebras and Lorentz invariance for d = 10 superYang-Mills,
Phys. Lett. B 334 (1994) 105, doi:10.1016/0370-2693(94)90597-5, [hep-th/9404190].
31
[44] P. K. Townsend, K. Pilch and P. van Nieuwenhuizen, Selfduality in Odd Dimensions, Phys.
Lett. 136B (1984) 38, Addendum: [Phys. Lett. 137B (1984) 443]., doi:10.1016/0370-
2693(84)91753-2, 10.1016/0370-2693(84)92051-3.
[45] S. K. Donaldson, R. P. Thomas, Gauge theory in higher dimensions, The Geometric Uni-
verse (Oxford,1996), Oxford University Press, Oxford, 1998, 31-47.
[46] J. de Boer, P. de Medeiros, S. El-Showk and A. Sinkovics, Open G(2) strings, JHEP 0802
(2008) 012, doi:10.1088/1126-6708/2008/02/012, [hep-th/0611080].
[47] B. S. Acharya, J. M. Figueroa-O’Farrill, B. J. Spence and M. O’Loughlin, Eu-
clidean D-branes and higher dimensional gauge theory, Nucl. Phys. B 514 (1998) 583,
doi:10.1016/S0550-3213(97)00727-X, [hep-th/9707118].
[48] L. Baulieu, A. Losev and N. Nekrasov, Chern-Simons and twisted supersymmetry in
various dimensions, Nucl. Phys. B 522 (1998) 82, doi:10.1016/S0550-3213(98)00096-0,
[hep-th/9707174].
[49] E. Witten, Small instantons in string theory, Nucl. Phys. B 460 (1996) 541,
doi:10.1016/0550-3213(95)00625-7, [hep-th/9511030].
[50] M. R. Douglas, Gauge fields and D-branes, J. Geom. Phys. 28 (1998) 255,
doi:10.1016/S0393-0440(97)00024-7, [hep-th/9604198].
[51] A. Roce´n, 7D supersymmetric Yang-Mills on a 3-Sasakian manifold, JHEP 1811 (2018)
024, doi:10.1007/JHEP11(2018)024, [1808.06917].
[52] J. A. Minahan and U. Naseer, Gauge theories on spheres with 16 supercharges and non-
constant couplings, [1811.11652].
[53] P. Kaste, R. Minasian and A. Tomasiello, Supersymmetric M theory compactifications with
fluxes on seven-manifolds and G structures, JHEP 0307 (2003) 004, doi:10.1088/1126-
6708/2003/07/004, [hep-th/0303127].
[54] X. de la Ossa, M. Larfors and E. E. Svanes, The Infinitesimal Moduli Space of Heterotic
G2 Systems, Commun. Math. Phys. 360 (2018) no.2, 727, doi:10.1007/s00220-017-3013-8,
[1704.08717].
[55] X. de la Ossa, M. Larfors and E. E. Svanes, Infinitesimal moduli of G2 holonomy man-
ifolds with instanton bundles, JHEP 1611 (2016) 016, doi:10.1007/JHEP11(2016)016,
[1607.03473].
32
